In string theory and in topological quantum field theory one encounters operators whose effect in correlation functions is simply to measure the topology of 2d spacetime. In particular these "dilaton"-type operators count the number of other operators via contact terms with the latter. While contact terms in general have a reputation for being convention-dependent, the ones considered here are well-defined by virtue of their simple geometrical meaning: they reflect the geometry of the stable-curve compactification. We give an unambiguous prescription for their evaluation which involves no analytic continuation in momenta.
Introduction
Usually the various n-point correlation functions of a quantum field theory are related to each other in complicated, indirect ways. One obtains such relations, for example, from unitarity of the scattering matrix. In certain limiting cases one obtains very simple results, for example the famous low-energy theorems relating amplitudes with and without a zero-momentum pion. String theory reflects such relations on scattering amplitudes via affiliated relations between an N-point amplitude and the integral of an (N + 1)-point amplitude over the location of the last point. More generally, the latter integral can be regarded as the. change of the n-point functions of some conformal field theory as we deform the theory slightly. The statement then becomes that certain deformations modify amplitudes in very simple ways.
The most famous low-energy theorem in string theory is the statement that the zero-momentum mode of the dilaton is the string coupling constant. Thus deforming any amplitude by this operator merely multiplies it by (1 +e) u, where e is the strength of the perturbation and M is the order in which the given n-point function enters in string perturbation theory. In other words, the (N+ 1)-point function involving a zero-momentum dilaton, integrated over 2d spacetime, must equal M times the corresponding N-point answer; M in turn is proportional to 2g -2 + N, where g describes the topology of spacetime. But other 2d theories can have additional relations of this sort. Topological gravity [1-3] is an example par excellence: according to [4] , all amplitudes are determined from just a couple of basic ones by application of a family of recursion formulas generalizing the one just mentioned. Suppose that N = 0, so that we are considering the dilaton 1-point function.
How can the answer be a topological invariant, independent of the shape of the spacetime 27? The basic observation is that the dilaton corresponds to a field cO2c _ ~2~ in the 2d theory which fails to satisfy the usual physical state condition, and so its insertion depends on a choice of normal ordering. Similar states show up in the heterotic string [5] and superstring. If we normal-order with the help of a metric on 27 ("Weyl normal ordering"), we get a curvature factor whose integral is the Euler number [6]. If we normal-order by choosing local coordinate families we directly recover the Cech definition of the Euler number [7, 5] .
It remains to understand N > 0. At first it may seem that we again get 2g -2, since the obstruction to finding a smooth family of coordinates seems to depend on g, regardless of other insertions. Similarly, the choice of a smooth metric again leads to the integral of the curvature. We could propose to use a metric with singularities at the N "other" points [4] , but this prescription raises various troubling issues. It seems to depend on which vertex we choose to integrate first; apparently we can choose any kind of singularity we like. Nor is this an unfamiliar lament. To count the number of other punctures we want the dilaton vertex to have "contact terms," 6-functions in its correlations with anything else. Such terms do not seem to appear in the original framework of CFT [8] . They have in other contexts been interpreted as convention-dependent, essentially describing a connection over the space of CFT's [9] whose magnitude can be adjusted by some kind of "gauge transformation." And yet in the present context we claim that they are well defined and moreover universal, the same regardless of what operator the dilaton hits? This suggests an interpretation for them purely in terms of the geometry of moduli space.
We will give such an interpretation for the bosonic string dilaton, leaving topological gravity for the future. We will review the ideas of [10, 1 1], as well as the insertion prescription of [5, 7] . Then we will develop the notion of a degenerating family of punctured surfaces with coordinates. 2 Our construction has both a clear physical and mathematical meaning, and it gives both the contact term and the dilaton-dilaton pole we need. Presumably in topological gravity the pole is absent, since there is no tachyon.
Other approaches to 2d contact terms in string theory require the use of 2d auxiliary fields [-18] , analytic continuation in momentum, or even relaxing conservation of momentum [19] . In more general 2d theories it is not clear what a There is an exception when two dilatons collide. In the bosonic string two dilatons at zero momentum can fuse to form a tachyon and hence a quadratic divergence. This pole too is hard to obtain if one simply considers one dilaton as measuring curvature induced by the other, but we will see it emerging automatically from the geometry.
